The scientific community needs a rapid and reliable way of accurately determining the stiffness of atomic-force microscopy cantilevers. We have compared the experimentally determined values of stiffness for ten cantilever probes using four different methods. For rectangular silicon cantilever beams of well defined geometry, the approaches all yield values within 17% of the manufacturer's nominal stiffness. One of the methods is new, based on the acquisition and analysis of thermal distribution functions of the oscillator's amplitude fluctuations. We evaluate this method in comparison to the three others and recommend it for its ease of use and broad applicability.
Introduction
Motivated by the need for a fast and accurate method of determining cantilever stiffness, we have conducted a study of calibration methods for atomic-force microscopy (AFM) cantilevers. Although at least a dozen different calibration methods have already been published [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , we limited our experimental comparison to four approaches. The first, published by Cleveland et al [1] , is based on measuring the cantilever width and length or taking the manufacturer's values thereof, accepting literature values for elastic modulus and density of the cantilever material and measuring the cantilever's resonant frequency. The second, for rectangular cantilevers, from Sader et al [3] [4] [5] , incorporates the viscosity and density of the medium in which the cantilever is immersed along with experimentally determined values of the resonant frequency and quality factor, together with the cantilever dimensions, in order to calculate the stiffness. These first two methods we call 'geometric' because the dimensions of the beam occur in the equations. The third and fourth methods we dub 'thermal' since they are based on the acquisition of the cantilever's thermal distribution spectrum (square of the fluctuations in amplitude as a function of frequency). In the third one, published by Hutter and Bechhoefer [6] and later modified by Butt and Jaschke [7] , the thermal spectrum is related to thermal energy. In the course of checking their derivation, we discovered the fourth method, an alternative way of measuring cantilever stiffness using thermal spectra that we propose and verify in this paper.
Although other existing calibration techniques have been helpful to the development of AFM, many were not included in this study. Finite element analyses [8] [9] [10] [11] [12] were thought to be neither general enough nor experimentally verifiable, and too complex for speedy use. Methods using special equipment, for example, pendulums [13] and nanoindentors [15] , were also excluded from this work. Approaches involving manipulation of small particles [1] were thought to be too time-consuming as well. The personal experience of the authors is that pushing one spring against the other [16, 17] is subject to stick-slip motion, which interferes with the accuracy of the results. This last method also involves laboriously precise positioning. A comparison of the methods that we surveyed is compiled in the form of table 1.
Below, we summarize the salient equations from the two geometric methods and from Hutter and Bechhoefer. We derive the distribution density for the square fluctuations in amplitude of a simple harmonic oscillator (SHO) and show how it leads to Hutter and Bechhoefer's result and also demonstrate the equivalence of our approach. Then the corrections that must be made to compensate for our instrument's detection system and configuration are presented, followed by the results of the four methods for ten different cantilevers in air and in water. A discussion of the advantages and disadvantages of the four approaches ensues, just before the conclusions. density and elastic modulus. Thermal oscillations 20% as obtained by [22] Simple and quick to use. Requires cantilever to [6] comparing with a static be pressed against loading technique. 5% as hard surface for determined by [6] .
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where w represents the cantilever's width, l its length, ν k its resonant frequency, ρ its density and E its elastic modulus. Sader et al's method [4] leads to
where the new variables are Q, the quality factor, ρ f , the density of the fluid in which the rectangular oscillator is immersed, and i (ν k ), the imaginary part of the hydrodynamic function. This last variable depends on the Reynolds number of the cantilever in the fluid, a function of the cantilever's width (squared), the frequency and the fluid density and viscosity.
Hutter and Bechhoefer [6] drew upon statistical mechanics [18] , where the mean value of any harmonic term in energy must be equal to the thermal energy k B T /2; k B is Boltzmann's constant and T is the temperature of the cantilever in Kelvin (in thermal equilibrium). Thus the mean-square amplitude of the cantilever's thermal fluctuation x 2 must equal k B T /k. The unsubscripted k represents the stiffness of the cantilever.
Starting with probability distribution density and using the definition of the mean value, one can derive an alternative thermal calibration method. Probability distribution densities are central to the atomic theory of gases [19] , where the velocities of a large number of gas molecules are sampled at one moment in time, or the velocity of one molecule is sampled repeatedly over a long time.
A single oscillator's amplitude distribution can be determined by recording its deflection over a period of time and doubling the power spectrum of the time-domain data [18, 20] . The probability per unit frequency of x 2 (ν) being in the frequency range 0 → ∞ is
where ν is the frequency resolution, and α is a constant to be normalized such that the total probability density integrated over all positive frequencies is one [19] . Before normalization, the integral equals ω k Q/4 such that α = 4/ω k Q, where ω k is the radial kinetic resonant frequency of the cantilever, √ k/m, and Q is its quality factor, equal to √ km/b, with b as the damping coefficient. Therefore, the distribution density for the square of the amplitude is
where the mean-square value-the integral over all frequencies of a distribution density, or alternatively and approximately, twice the sum of the mean-square amplitudes of a power spectrum-must be normalized to k B T /k, as required by statistical mechanics [18] and already employed in [6] .
where the a 2 n are the mean-square magnitudes of the Fourier coefficients. The normalization factor χ 2 equals k B T /k, and so the amplitude squared per unit frequency
We may see that the above is reasonable by considering two related problems involving distribution functions. The Langevin function for the squared velocity per unit frequency of a particle diffusing with no restoring force in a dispersive medium is given by [21] 
where ν L equals the damping coefficient b divided by 2πm. In optical tweezer set-ups [22] , where a restoring force is provided by the refraction of light passing through the object of interest, and the (ν/ν k ) 2 term in equation (6) is sometimes ignored, the equation appears as
with ν R the roll-off frequency at which the power drops to one-half of its low-frequency limit, equal to k/2πb. Note that 4k B T /ω k Qk = 4k B T b/k 2 ; the left-hand side is useful to us because we can directly measure all parameters but k.
Our trust in equation (6) assured, we see that if any of the x 2 (ν) values can be measured along with Q and ν k , k can be found. The fluctuations are highest at the amplitude resonance ν a , that is, at the maximum amplitude, and still high at the kinetic resonance ν k . Because the latter is simpler to evaluate, we use the
For high-Q systems, the amplitude and kinetic resonances are very close in magnitude and in frequency, so that the experimental values at the amplitude resonance can be substituted into equation (9) . The relationships between them are
2 ).
Experiment
The derivation of our approach to a thermal calibration method in the previous section applies to all SHOs and does not depend on the instrument or the detection scheme used to acquire the data. For the particular instrument on which the measurements were made, a Digital Instruments MultiMode AFM, three corrections to the raw data were necessary. Firstly, as is common in AFMs that use microfabricated cantilevers, the oscillator is held at an angle with respect to the surface, as sketched in figure 1(a) . The unit vector that represents the oscillatory motion,x, lies at an angle θ with respect to the direction of motion of the scannerẑ, the angle θ being the angle of repose of the cantilever with respect to the horizontal. For a given sample movement in theẑ direction, the cantilever must move a distance x = z/ cos θ in thex direction.
Secondly, because any error in the amplitude measurement is squared, limiting the accuracy of the stiffness, the movement of the scanner in theẑ direction should be verified, and if necessary corrected using interferometry. The cantilever can be placed near a reflective surface and the laser light purposefully placed half on and half off the cantilever. As seen in figure 1(b) , the path difference between the two beams is z(1+cos 2θ). When a force curve is acquired, interference peaks are observed in the data, as is evident in figure 1(c) . The distance between these peaks, z p , should be made to equal λ/(1 + cos 2θ).
The third correction has already been pointed out by Butt and Jaschke [7] . They calculated the effect of all the oscillation modes of the cantilever on the detected signal under various conditions. When the movement of the cantilever is monitored by reflecting a laser beam from the backside of the cantilever and the end of the cantilever is free, the observed fluctuations need to be multiplied by a factor of three-quarters.
As is common practice, we calibrated the photodiode response by placing the cantilever in contact with a stiff surface and ramping the scanner position in order to find the ratio between the manufacturer's statedẑ movement z m and photodiode voltage V m each time that the laser was positioned or repositioned on a cantilever and upon changing the medium from air to water. Taking this last procedure together with the three corrections, the mean-square cantilever amplitude fluctuations are related to the mean-square voltage fluctuations by
The cantilever's angle of repose was 11
• from the horizontal, and the wavelength of the laser was 670 nm. The distance between the interference peaks should be 348 nm; uncorrected, it was 313 nm. Thus for this instrument
Ten different Si 3 N 4 and Si cantilevers of various shapes were examined using the four techniques in air and in water. The plan dimensions of the cantilevers were determined with a calibrated optical microscope. For triangular cantilevers, the dimensions were determined in the same manner as [13] . Error-signal images in 'contact mode' with zero scan range and zero gains were acquired while the cantilever was hanging freely. These images of the system noise were Fourier transformed and the power spectra [20] , measured meansquare amplitudes as a function of frequency, were saved in ASCII format. A spreadsheet program corrected them using equation (11) and fitted them to the sum of three functions [23] : a 1/ f noise background, a white-noise floor and the meansquare amplitude (equation (6) divided by two and multiplied by ν, which for this instrument was 122 Hz).
The fit parameters were A, B, x 2 (ν k ) , Q and ν k . From equation (6) or (9), the mean-square amplitude at kinetic resonance, x 2 (ν k ) , equals k B T Q ν/πkν k . The kinetic resonant frequency ν k and the quality factor Q were used in calculating the Cleveland and Sader values for k. For the Hutter and Bechhoefer method (equation (5)) the square amplitudes at each frequency were summed to obtain x 2 , and for our approach (equation (9)) the values of the amplitude squared at kinetic resonance were determined.
Typical mean-square amplitude distribution spectra for air and water are displayed in figure 2. Both are from the same force-calibrated cantilever (FC2) purchased from TMMicroscopes [24] . Along with the original data set (circles), the fits to the data are shown (solid curves), and as well, the curves after noise contributions had been subtracted out (dashed curves). Table 2 lists the cantilever, the manufacturer's nominal stiffness, the material from which the cantilever was fabricated, its shape, plan-view dimensions, the medium in which the measurement was made, the cantilever's quality factor, resonant frequency, square amplitude at resonance and calculated stiffness values for the Cleveland, Sader, and Hutter and Bechhoefer methods, as well as our new approach.
Results
Comparing the values for stiffness obtained in air to the manufacturers' nominal values, there are variations using the Cleveland method by up to factor of thirteen, for the Sader calculation by up to a factor of four and for the thermal methods by up to factor of three. Comparing the stiffness values for water with those for air within each technique, where one expects identical values, Cleveland's method is clearly inappropriate for water. The variations are by factors of up to 120 and are probably due to geometry-dependent mass loading by water. The Sader air values range from 15 to 35% lower than the water values for rectangular cantilevers and are 25-40% lower for triangular ones. For the thermal methods the air results run from 60% higher to 20% lower than the water results.
Comparing the stiffnesses among the techniques, the agreement between Hutter and Bechhoefer's summation and our new approach using the square amplitude at resonance is within 2%, in both air and water. The thermal measurements yield stiffnesses up to a factor of five different from Cleveland's approach. The thermal values in air for rectangular levers are from 20% lower to 40% higher than Sader values. In water, they range from 20 to 40% lower than those of Sader. Concerning the force-calibrated cantilevers, the various approaches yield results within 17% of the nominal value in air. Here the Cleveland method gives numbers within 5% of the nominal. There should be a good match; the nominal values were calculated with the Cleveland method by the manufacturer. The circles are the original data, the solid curves the fit to the data including 1/ f and white-noise contributions and the dashed curves the contribution of the SHO, that is, the fit minus 1/ f and white noise. In (b), a noise spike appears at approximately 22 kHz. The residual root-mean-square error between the solid curve and the data is 2.9 × 10 −5 nm 2 for the case of air, 1.7 × 10 −5 nm 2 for water. 
Discussion
As seen in figure 2 , the fits to the data are very good. The quality factor and resonant frequency in water are much lower than in air. The quality factor decreases due to the high damping of the medium, and the resonant frequency goes down because of mass loading. The low-frequency limits in amplitude are different, and according to equation (6) the low-frequency limit is
from which the ratio of the low-frequency limits in water and air is x 
The quality factors from the data shown in figure 2 are 70 and 2.5 respectively for air and water. The resonant frequencies are 20 and 6.5 kHz. We then expect the ratio of the low-frequency limits to be approximately 100, which is corroborated by the figure, where the dashed curves intersect the y axes at 3.5 × 10 −7 and 4.5 × 10 −5 nm 2 . The model appears to be an appropriate description of the system behaviour.
Each of the four methods has its disadvantages and advantages. The Cleveland method seems to work well for silicon, because the elastic modulus and density of silicon is easily controlled and well known, whereas for silicon nitride those parameters vary. Sader's method is independent of the material properties, yet dependent on the cantilever's geometry. Although Sader's method is technically limited to rectangular beams, we did not find a large variation from the expected values for the triangular cantilevers. The advantage of these two geometric methods is that the sensitivity of the photodiode to the movement of the cantilever does not have to be calibrated. It is sufficient to know the resonant frequency (for both approaches) and the quality factor (for Sader).
Two attractions to the thermal methods are that they are based on standard physics and that they are independent of both the constituent material of the cantilever and its shape. The initial difficulty is that the detector must be calibrated to the movement of the beam. However, this is a common procedure done routinely for force curve acquisition. This calibration will determine the accuracy of the thermal methods, which we estimate to be 20%. One might think that the thermal methods would be susceptible to mechanical noise, but if this were true in our measurements higher values of the amplitude would be expected, yielding small values of stiffness. This was not observed. Depending on the set-up, the thermal methods may be limited by noise such that the peaks are obscured, or by bandwidth, such that only a narrow frequency range can be examined. For example, when acquiring a 512 × 512 noise image at 61 lines s −1 , the bandwidth for frequency is 31 kHz. If this bandwidth is too narrow, the error signal may be directly monitored with a wide-bandwidth spectrum analyser or collected by a computer and Fourier transformed.
The Hutter and Bechhoefer method requires that the square amplitude be summed over a large frequency range, and if the resonance occurs near the high end of the available bandwidth then the sum is prematurely truncated. We recommend that for the Hutter and Bechhoefer method the peak should not occur at a frequency much higher than half the bandwidth. Our new method has the advantage that only the resonant frequency, the quality factor and the square amplitude at resonance need to be known, and as such the peak could be near the upper edge of the bandwidth with no ill effects. Another advantage of the new approach is that it can be applied without noise subtraction to data collected in air, because the resonant peaks can be sufficiently high above the noise such that noise subtraction has no noticeable effect (compare figures 2(a) and (b)). Indeed, our choice of methods is the new one.
Conclusions
The four cantilever calibration methods investigated in this study agreed within 17% of the manufacturer's nominal value for well-defined rectangular silicon cantilevers. The agreement for silicon nitride cantilevers was significantly worse, particularly for the Cleveland method. The new thermal method demonstrated here gives stiffnesses within 2% of Hutter and Bechhoefer's thermal approach and is similarly independent of cantilever geometry and materials. It also can be carried out in a few minutes with little or no additional equipment, has a more relaxed requirement for bandwidth, is based on important fundamental physics and, hence, is our preferred method.
